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Ðàññìàòðèâàåòñÿ ñïåêòðàëüíàÿ çàäà÷à, âîçíèêàþùàÿ ïðè îïèñàíèè èçãèáíûõ êîëåáàíèé
îäíîðîäíîãî ñòåðæíÿ, â ñå÷åíèÿõ êîòîðîãî äåéñòâóåò ïðîäîëüíàÿ ñèëà, ëåâûé êîíåö êî-
òîðîãî çàêðåïë¼í, a íà ïðàâîì ñîñðåäîòî÷åí èíåðöèîííûé ãðóç. Èññëåäóåòñÿ ðàâíîìåðíàÿ
ñõîäèìîñòü ðàçëîæåíèé ïî ñîáñòâåííûì ôóíêöèÿì ýòîé çàäà÷è.
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Íàñòîÿùàÿ ðàáîòà ÿâëÿåòñÿ ïðîäîëæåíèåì ñòàòüè [1], â êîòîðîé äëÿ çàäà÷è (1.1)�(1.4)
èçó÷åíû ðàñïîëîæåíèå ñîáñòâåííûõ çíà÷åíèé íà âåùåñòâåííîé îñè è ñòðóêòóðà êîðíåâûõ ïîä-
ïðîñòðàíñòâ, ïîëó÷åíû àñèìïòîòè÷åñêèå ôîðìóëû äëÿ ñîáñòâåííûõ çíà÷åíèé è ñîáñòâåííûõ
ôóíêöèé, èññëåäîâàíû áàçèñíûå ñâîéñòâà â ïðîñòðàíñòâå Lp, 1 < p <∞, ñèñòåìû ñîáñòâåí-
íûõ ôóíêöèé. Â [1], â ÷àñòíîñòè, óñòàíîâëåíû äîñòàòî÷íûå óñëîâèÿ äëÿ áàçèñíîñòè â Lp(0, 1),
1 < p <∞, ñèñòåìû ñîáñòâåííûõ ôóíêöèé çàäà÷è (1.1)�(1.4) ñ äâóìÿ óäàë¼ííûìè ôóíêöèÿìè.

Â äàííîé ðàáîòå èçó÷àåòñÿ ðàâíîìåðíàÿ ñõîäèìîñòü ðàçëîæåíèé ïî ñèñòåìå ñîáñòâåííûõ
ôóíêöèé êðàåâîé çàäà÷è (1.1)�(1.4).

Ðàâíîìåðíàÿ ñõîäèìîñòü ðàçëîæåíèé ïî ñèñòåìå êîðíåâûõ ôóíêöèé îïåðàòîðà Øòóðìà�
Ëèóâèëëÿ ñî ñïåêòðàëüíûì ïàðàìåòðîì â ãðàíè÷íûõ óñëîâèÿõ èññëåäîâàëàñü â ðàáîòàõ [2�9].
Íî ðàâíîìåðíàÿ ñõîäèìîñòü ðàçëîæåíèé ïî ñèñòåìå êîðíåâûõ ôóíêöèé äèôôåðåíöèàëüíûõ
îïåðàòîðîâ ÷åòâ¼ðòîãî ïîðÿäêà ñî ñïåêòðàëüíûì ïàðàìåòðîì â ãðàíè÷íûõ óñëîâèÿõ äî ñèõ
ïîð íå èçó÷àëàñü.

6. Óòî÷íåíèå àñèìïòîòè÷åñêèõ ôîðìóë äëÿ ñîáñòâåííûõ çíà÷åíèé è ñîáñòâåí-
íûõ ôóíêöèé çàäà÷è (1.1), (1.2), (2.1), (2.2) ïðè q ≡ 0, γ = δ = 0. Ðàâíîìåðíàÿ
ñõîäèìîñòü ðàçëîæåíèé ïî ñèñòåìå ñîáñòâåííûõ ôóíêöèé çàäà÷è (1.1), (1.2), (2.1), (2.2) ïðè
q ≡ 0, γ = δ = 0, ò.å. çàäà÷è

y(4)(x) = λy(x), 0 < x < 1,

y(0) = y′(0) = y(1) = y′(1) = 0, (6.1)

õîðîøî èçó÷åíà (ñì., íàïðèìåð, [10�13]). Äëÿ èçó÷åíèÿ ðàâíîìåðíîé ñõîäèìîñòè ðàçëîæåíèé
ïî ñèñòåìå ñîáñòâåííûõ ôóíêöèé çàäà÷è (1.1)�(1.4) óñòàíîâèì ñîîòâåòñòâèå ìåæäó ñîáñòâåí-
íûìè ôóíêöèÿìè çàäà÷è (1.1)�(1.4) è çàäà÷è (6.1). Äëÿ ýòîãî íàì òðåáóåòñÿ áîëåå òî÷íûå
àñèìïòîòè÷åñêèå ôîðìóëû äëÿ ñîáñòâåííûõ çíà÷åíèé è ñîáñòâåííûõ ôóíêöèé çàäà÷ (1.1)�
(1.4) è (6.1).

Èç òåîðåìû 2.1 ñëåäóåò, ÷òî ñîáñòâåííûå çíà÷åíèÿ çàäà÷è (6.1) ÿâëÿþòñÿ âåùåñòâåííûìè,
ïîëîæèòåëüíûìè è ïðîñòûìè è îáðàçóþò íåîãðàíè÷åííî âîçðàñòàþùóþ ïîñëåäîâàòåëüíîñòü
{µk}∞k=1. Êðîìå òîãî, â ñèëó [14, òåîðåìà 3.1], èìåþò ìåñòî ñëåäóþùèå àñèìïòîòè÷åñêèå ôîð-
ìóëû:

4
√
µk = (k + 1/2)π +O(k−1), (6.2)

ϑk(x) = sin((k + 1/2)πx)− cos((k + 1/2)πx) + e−(k+1/2)πx − (−1)k+1e(k+1/2)π(1−x) +O(k−1),

Òåîðåìà 6.1. Äëÿ ñîáñòâåííûõ çíà÷åíèé è ñîáñòâåííûõ ôóíêöèé çàäà÷è (6.1) ñïðàâåäëè-
âû ñëåäóþùèå àñèìïòîòè÷åñêèå ôîðìóëû:

4
√
µk = (k + 1/2)π +O(e−kπ), (6.3)
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2 ÀËÈÅÂ è äð.

ϑk(x) = sin((k + 1/2)πx)− cos((k + 1/2)πx) + e−(k+1/2)πx +

+ (−1)k+1e(k+1/2)π(1−x) +O(e−kπ), (6.4)

ïðè ýòîì ñîîòíîøåíèå (6.4) âûïîëíÿåòñÿ ðàâíîìåðíî ïî x ∈ [0, 1].
Äîêàçàòåëüñòâî.Ïóñòü â óðàâíåíèè (1.1) q ≡ 0 è λ = ρ4, ρ > 0. Â ýòîì ñëó÷àå óðàâíåíèå

(1.1) èìååò ñëåäóþùèå ÷åòûðå ëèíåéíî íåçàâèñèìûõ ðåøåíèÿ:

ψj(x, λ) = eρωjx, j = 1, 4, (6.5)

ãäå ω1 = −ω4 = −1, ω2 = −ω3 = −i. Î÷åâèäíî, ÷òî ψ
(s)
j (x, ρ) = (ρωj)

seρωjx, j = 1, 4, s = 0, 3,
îòêóäà ñëåäóþò ðàâåíñòâà

ψ
(s)
j (0, ρ) = (ρωj)

s, ψ
(s)
j (1, ρ) = (ρωj)

seρωj , j = 1, 4, s = 0, 3,

â ñèëó êîòîðûõ èç (1.2), (2.1), (2.2) ïðè γ = δ = 0 íàõîäèì

U1(λ, ψj) ≡ ψj(0, ρ) = 1, U2(ψj) ≡ ψ′j(0, ρ) = ρωj ,

Ũ3(λ, ψj) ≡ ψ′j(1, ρ) = ρωje
ρωj , Ũ4(λ, ψj) ≡ ψj(1, ρ) = eρωj , j = 1, 4. (6.6)

Ñîáñòâåííûå çíà÷åíèÿ çàäà÷è (6.1) ÿâëÿþòñÿ íóëÿìè õàðàêòåðèñòè÷åñêîãî îïðåäåëèòåëÿ

∆̃(λ) =

∣∣∣∣∣∣∣∣
U1(λ, ψ1) U1(λ, ψ2) U1(λ, ψ3) U1(λ, ψ4)
U2(λ, ψ1) U2(λ, ψ2) U2(λ, ψ3) U2(λ, ψ4)

Ũ3(λ, ψ1) Ũ3(λ, ψ2) Ũ3(λ, ψ3) Ũ3(λ, ψ4)

Ũ4(λ, ψ1) Ũ4(λ, ψ2) Ũ4(λ, ψ3) Ũ4(λ, ψ4)

∣∣∣∣∣∣∣∣ . (6.7)

Ó÷èòûâàÿ ðàâåíñòâà (6.6) äëÿ îïðåäåëèòåëÿ ∆̃(λ) ïîëó÷àåì ïðåäñòàâëåíèå

∆̃(λ) = ρ2

∣∣∣∣∣∣∣
1 1 1 1
−1 −i i 1
e−ρ e−iρ eiρ eρ

−e−ρ −e−iρ eiρ eρ

∣∣∣∣∣∣∣ = 2iρ2eρ(eiρ + e−iρ +O(e−ρ)),

èç êîòîðîãî ñëåäóåò, ÷òî íóëè ýòîãî îïðåäåëèòåëÿ ÿâëÿþòñÿ êîðíÿìè óðàâíåíèÿ

e2iρ = −1 +O(e−ρ). (6.8)

Â ñèëó (6.2) èìååì
ρk = 4

√
µk = (k + 1/2)π + εk, (6.9)

ãäå εk = o(1) ïðè k →∞. Ó÷èòûâàÿ (6.9), èç (6.8) ïîëó÷àåì −e2iεk = −1 + O(e−kπ), îòêóäà
ñëåäóåò, ÷òî

εk = O(e−kπ). (6.10)

Ðàâåíñòâà (6.10) è (6.9) ðàâíîñèëüíû ôîðìóëå (6.3).
Â ñèëó (6.3) èìåþò ìåñòî ñëåäóþùèå ñîîòíîøåíèÿ:

eiρk = i(−1)k +O(e−kπ), e−iρk = −i(−1)k +O(e−kπ). (6.11)

Ñîáñòâåííóþ ôóíêöèþ ϑ(x, ρ) çàäà÷è (6.1), ñîîòâåòñòâóþùóþ ñîáñòâåííîìó çíà÷åíèþ λ =
= ρ4, ìîæíî ïðåäñòàâèòü â âèäå

ϑ(x, ρ) = Cρ

∣∣∣∣∣∣∣
ψ1(x, ρ) ψ2(x, ρ) ψ3(x, ρ) ψ4(x, ρ)
U1(λ, ψ1) U1(λ, ψ2) U1(λ, ψ3) U1(λ, ψ4)
U2(λ, ψ1) U2(λ, ψ2) U2(λ, z3) U2(λ, ψ4)

Ũ4(λ, ψ1) Ũ4(λ, ψ2) Ũ4(λ, ψ3) Ũ4(λ, ψ4)

∣∣∣∣∣∣∣ , (6.12)

ãäå Cρ � ïðîèçâîëüíàÿ íåíóëåâàÿ ïîñòîÿííàÿ çàâèñÿùàÿ îò ρ.
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Ó÷èòûâàÿ ðàâåíñòâà (6.3), (6.5), (6.6) è (6.11), èç (6.12) ïîëó÷àåì

ϑk(x) = ϑ(x, ρk) = Cρkρke
ρk

∣∣∣∣∣∣∣∣
e−ρkx e−iρkx eiρkx eρk(x−1)

1 1 1 e−ρn

−1 −i i e−ρn

e−ρk e−iρk eiρk 1

∣∣∣∣∣∣∣∣ =

= Cρkρke
ρk


∣∣∣∣∣∣∣∣
e−(k+1/2)πx e−i(k+1/2)πx ei(k+1/2)πx e(k+1/2)π(x−1)

1 1 1 0
−1 −i i 0
0 −i(−1)k i(−1)k

∣∣∣∣∣∣∣∣+O(e−kπ)

 =

= 2iCρkρke
ρk(sin((k + 1/2)πx)− cos((k + 1/2)πx) + e−(k+1/2)πx +

+ (−1)(k+1)e(k+1/2)π(x−1) +O(e−kπ)).

Ïðèíèìàÿ âî âíèìàíèå ñîîòíîøåíèå (6.4), ïîñòîÿííóþ Cρk âûáåðåì ñëåäóþùèì îáðàçîì:
Cρk = ie−ρk/(2ρk). Òîãäà ïðèä¼ì ê àñèìïòîòè÷åñêîé ôîðìóëå (6.4). Òåîðåìà äîêàçàíà.

Ïîëüçóÿñü ôîðìóëîé (6.4) óáåæäàåìñÿ, ÷òî ñïðàâåäëèâî ñîîòíîøåíèå

‖ϑk‖22 =

1∫
0

ϑ2k(x) dx = 1 +O(e−kπ). (6.13)

Ïóñòü Ψk(x), n ∈ N, � íîðìèðîâàííàÿ ñîáñòâåííàÿ ôóíêöèÿ çàäà÷è (6.1), ñîîòâåòñòâóþ-
ùàÿ ñîáñòâåííîìó çíà÷åíèþ µk, ò.å. Ψk(x) = ϑk(x)‖ϑk‖−12 , k ∈ N. Òîãäà â ñèëó (6.4) è (6.13)
èìååì

Ψk(x) = sin((k + 1/2)πx)− cos((k + 1/2)πx) + e−(k+1/2)πx +

+ (−1)k+1e(k+1/2)π(1−x) +O(e−kπ). (6.14)

7. Óòî÷íåíèå àñèìïòîòè÷åñêèõ ôîðìóë äëÿ ñîáñòâåííûõ çíà÷åíèé è ñîáñòâåí-
íûõ ôóíêöèé êðàåâîé çàäà÷è (1.1)�(1.4).

Òåîðåìà 7.1. Äëÿ ñîáñòâåííûõ çíà÷åíèé è ñîáñòâåííûõ ôóíêöèé çàäà÷è (1.1)�(1.4) ñïðà-
âåäëèâû ñëåäóþùèå àñèìïòîòè÷åñêèå ôîðìóëû:

4
√
λk = (k − 3/2)π +

q0 − 4/a2
4kπ

+O(k−2), (7.1)

yk(x) = sin((k − 3/2)πx)− cos((k − 3/2)πx) + e−(k−3/2)πx +

+ (−1)k+1e(k−3/2)π(x−1) +
(q0 − 4/a2)x− q0(x)

4kπ
sin((k − 3/2)πx) +

+
(q0 − 4/a2)x− q0(x)

4kπ
cos((k − 3/2)πx)− (q0 − 4/a2)x− q0(x)

4kπ
e−(k−3/2)πx +

+ (−1)k+1 (q0 − 4/a2)(x− 1)− q1(x) + 4/a2
4kπ

e(k−3/2)π(x−1) +O(k−2), (7.2)

ãäå q0 =
∫ 1
0 q(t) dt, q0(x) =

∫ x
0 q(t) dt, q1(x) =

∫ 1
x q(t) dt, ïðè ýòîì ñîîòíîøåíèå (7.2) âûïîë-

íÿåòñÿ ðàâíîìåðíî ïî x ∈ [0, 1].
Äîêàçàòåëüñòâî. Â óðàâíåíèè (1.1) ïîëîæèì λ = ρ4, ãäå ρ > 0. Èçâåñòíî (ñì. [11,

ñ. 63�64]), ÷òî óðàâíåíèå (1.1) èìååò ÷åòûðå ëèíåéíî íåçàâèñèìûõ ðåøåíèÿ φj(x, ρ), j = 1, 4,
óäîâëåòâîðÿþùèå ñîîòíîøåíèÿì

ψ
(s)
j (x, ρ) = (ρωj)

seρωjx(1 + (4ρωj)
−1q0(x) +O(ρ−2)), j = 1, 4, s = 0, 3, (7.3)

ãäå ω1 = −ω4 = −1, ω2 = −ω3 = −i.
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Â ñèëó (7.3) è (1.2)�(1.4) èìååì

U1(λ, φj) = 1 +O(ρ−2), U2(λ, φj) = ρωj(1 +O(ρ−2)),

U3(λ, φj) = a1ρ
5eρωj (−ωj(1 + (4ρωj)

−1q0) +O(ρ−2)),

U4(λ, φj) = −a2ρ4eρωj (1 + (4ρωj)
−1(q0 − 4/a2) +O(ρ−2)), j = 1, 4. (7.4)

Åñëè λ = ρ4 � ñîáñòâåííîå çíà÷åíèå çàäà÷è (1.1)�(1.4), òî ρ ÿâëÿåòñÿ íóë¼ì õàðàêòåðèñ-
òè÷åñêîãî îïðåäåëèòåëÿ

∆(λ) =

∣∣∣∣∣∣∣
U1(λ, φ1) U1(λ, φ2) U1(λ, φ3) U1(λ, φ4)
U2(λ, φ1) U2(λ, φ2) U2(λ, φ3) U2(λ, φ4)
U3(λ, φ1) U3(λ, φ2) U3(λ, φ3) U3(λ, φ4)
U4(λ, φ1) U4(λ, φ2) U4(λ, φ3) U4(λ, φ4)

∣∣∣∣∣∣∣ ,
Â ñèëó ðàâåíñòâ (7.4) äëÿ îïðåäåëèòåëÿ ∆(λ) ïîëó÷àåì ïðåäñòàâëåíèå

∆(λ) = a1a2ρ
10eρ ×

×



∣∣∣∣∣∣∣∣∣∣∣

1 1 1 0
−1 −i i 0

0 −ie−iρ
(

1− q0
4iρ

)
ieiρ
(

1 +
q0
4iρ

)
1 +

q0
4ρ

0 e−iρ
(

1− q0 − 4/a2
4iρ

)
eiρ
(

1 +
q0 − 4/a2

4iρ

)
1 +

q0 − 4/a2
4ρ

∣∣∣∣∣∣∣∣∣∣∣
+O(ρ−2)

 =

= a1a2ρ
10eρ


∣∣∣∣∣∣∣∣∣∣

1− i 1 + i 0

−ie−iρ
(

1− q0
4ρi

)
ieiρ
(

1 +
q0
4iρ

)
1 +

q0
4ρ

e−iρ
(

1− q0 − 4/a2
4iρ

)
eiρ
(

1 +
q0 − 4/a2

4iρ

)
1 +

q0 − 4/a2
4ρ

∣∣∣∣∣∣∣∣∣∣
+O(ρ−2)

 =

= −2ia1a2ρ
10eρ

(
eiρ
(

1 +
q0 − 4/a2

4ρ
(1− i)

)
+ e−iρ

(
1 +

q0 − 4/a2
4ρ

(1 + i)

)
+O(ρ−2)

)
.

Ñëåäîâàòåëüíî, íóëè ýòîãî îïðåäåëèòåëÿ ÿâëÿþòñÿ êîðíÿìè óðàâíåíèÿ

eiρ
(

1 +
q0 − 4/a2

4ρ
(1− i)

)
+ e−iρ

(
1 +

q0 − 4/a2
4ρ

(1 + i)

)
+O(ρ−2) = 0.

Îòñþäà ñëåäóåò, ÷òî

e2iρ = −1 +
q0 − 4/a2

2iρ
+O(ρ−2). (7.5)

Â ñèëó (4.19) èìååì

ρk = 4
√
λk = (k − 3/2)π + εk, (7.6)

ãäå εk = o(1) ïðè k →∞. Ó÷èòûâàÿ (7.6), èç (7.5) ïîëó÷àåì

e2iρk = −e2iεk = −1− 2iεk + o(ε2k) = −1 +
q0 − 4/a2

2ikπ
+O(k−2),

îòêóäà ñëåäóåò, ÷òî

εk =
q0 − 4/a2

4kπ
+O(k−2). (7.7)

Ðàâåíñòâà (7.6) è (7.7) ðàâíîñèëüíû ôîðìóëå (7.1).
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Íà îñíîâàíèè ôîðìóëû (7.1) èìååì

eiρk = (−1)k
(

1− q0 − 4/a2
4ikπ

+O(k−2)

)
, e−iρk = (−1)k+1

(
1 +

q0 − 4/a2
4ikπ

+O(k−2)

)
. (7.8)

Ñîáñòâåííóþ ôóíêöèþ y(x, ρ) çàäà÷è (1.1)�(1.4), ñîîòâåòñòâóþùóþ ñîáñòâåííîìó çíà÷å-
íèþ λ = ρ4, ìîæíî ïðåäñòàâèòü â âèäå

y(x, ρ) = Dρ

∣∣∣∣∣∣∣
φ1(x, ρ) φ2(x, ρ) φ3(x, ρ) φ4(x, ρ)
U1(λ, φ1) U1(λ, φ2) U1(λ, φ3) U1(λ, φ4)
U2(λ, φ1) U2(λ, φ2) U2(λ, φ3) U2(λ, φ4)
U4(λ, φ1) U4(λ, φ2) U4(λ, φ3) U4(λ, φ4)

∣∣∣∣∣∣∣ , (7.9)

ãäå Dρ � ïðîèçâîëüíàÿ íåíóëåâàÿ ïîñòîÿííàÿ, çàâèñÿùàÿ îò ρ.
Ó÷èòûâàÿ ðàâåíñòâà (7.1), (7.3) è (7.8), èç (7.9) ïîëó÷àåì

y(x, ρk) = −a2ρ5keρkDρk ×

×

∣∣∣∣∣∣∣∣∣∣∣
e−ρkx

(
1− q0(x)

4kπ

)
e−iρkx

(
1− q0(x)

4ikπ

)
eiρkx

(
1 +

q0(x)

4ikπ

)
eρk(x−1)

(
1 +

q0(x)

4kπ

)
1 1 1 0
0 1− i 1 + i 0

0 −i(−1)k i(−1)n 1 +
q0 − 4/a2

4kπ

∣∣∣∣∣∣∣∣∣∣∣
+

+ a2ρ
5
ke
ρkDρkO(k−2) = −2ia2ρ

5
ke
ρkDρk

(
1 +

q0 − 4/a2
4kπ

)
×

×
(
e−ρkx

(
1− q0(x)

4kπ

)
− 1

2
e−iρkx

(
1− q0(x)

4ikπ

)
(1− i)− 1

2
eiρkx

(
1 +

q0(x)

4ikπ

)
(1 + i)−

− (−1)keρk(x−1)
(

1 +
q0(x)

4kπ

)(
1− q0 − 4/a2

4kπ

)
+O(k−2)

)
=

= 2iaρ5ke
ρkDρk

(
1 +

q0 − 4/a2
4kπ

)((
1− q0(x)

4kπ

)
sin ρkx−

(
1 +

q0(x)

4kπ

)
cos ρkx+

(
1− q0(x)

4kπ

)
e−ρkx−

− (−1)k
(

1− q1(x)− 4/a2
4kπ

)
eρk(x−1) +O(k−2)

)
.

Ïðèíèìàÿ âî âíèìàíèå ñîîòíîøåíèå (4.17), ïîñòîÿííóþ Dρk âûáåðåì ñëåäóþùèì îáðàçîì:

Dρk = − 1

2ia2ρ5ke
ρk

(
1 +

q0 − 4/a2
4kπ

)−1
.

Òîãäà, ïîäñòàâëÿÿ ýòî çíà÷åíèå Dρk â íàéäåííîå ïðåäñòàâëåíèå ðåøåíèÿ y(x, ρk), ïîëó÷àåì

yk(x) = y(x, ρk) =

((
1− q0(x)

4kπ

)
sin(ρkx)−

(
1 +

q0(x)

4kπ

)
cos(ρkx) +

+

(
1− q0(x)

4kπ

)
e−ρkx − (−1)k

(
1− q1(x)− 4/a2

4kπ

)
eρk(x−1) +O(k−2)

)
. (7.10)

Èç ôîðìóë (7.1) ñëåäóþò ñîîòíîøåíèÿ

sin(ρkx) = sin(k − 3/2)πx+
(q0 − 4/a2)x

4kπ
cos((k − 3/2)πx) +O(k−2),
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cos(ρkx) = cos(k − 3/2)πx− (q0 − 4/a2)x

4kπ
sin((k − 3/2)πx) +O(k−2),

e−ρkx = e−(k−3/2)πx
(

1− (q0 − 4/a2)x

4kπ

)
+O(k−2),

eρk(x−1) = e(k−3/2)π(x−1)
(

1 +
(q0 − 4/a2)(x− 1)

4kπ

)
+O(k−2).

Ó÷èòûâàÿ ýòè ñîîòíîøåíèÿ â (7.10), ïðèõîäèì ê ôîðìóëå (7.2). Òåîðåìà äîêàçàíà.

8. Ðàâíîìåðíàÿ ñõîäèìîñòü ðàçëîæåíèé ïî ñèñòåìå ñîáñòâåííûõ ôóíêöèé çàäà-
÷è (1.1)�(1.4). Èç àñèìïòîòè÷åñêèõ ôîðìóë (6.14) è (7.2) ñëåäóåò, ÷òî ïðè k > 3 ñïðàâåäëèâî
ðàâåíñòâî

yk(x)=Ψk−2(x)+
(q0−4/a2)x−q0(x)

4kπ
(sin((k−3/2)πx) + cos((k−3/2)πx))− (q0−4/a2)x+ q0(x)

4kπ
×

× e−(k−3/2)πx + (−1)k+1 (q0 − 4/a2)(x− 1)− q1(x) + 4/a2
4kπ

e(k−3/2)π(x−1) +O(k−2). (8.1)

Â ñèëó (6.13) è (7.2) âûïîëíÿþòñÿ ñîîòíîøåíèÿ

Ψk(1) = O(e−kπ), yk(1) = −2(−1)k

a2kπ
+O(k−2). (8.2)

Êðîìå òîãî, èç [15, îöåíêà (1.1)] ñëåäóåò, ÷òî

|y′k(1)| =
|y′′k(1)|
a1λk

6
K1ρ

2
k

ρ4k
max
x∈[0,1]

|yk(x)| 6 K2

k2
, (8.3)

ãäå K1, K2 � íåêîòîðûå ïîëîæèòåëüíûå ïîñòîÿííûå.
Â ñèëó ôîðìóëû (7.10) èìååì

y2k(x) =

(
1− q0(x)

2kπ

)
sin2 ρkx+

(
1 +

q0(x)

2kπ

)
cos2 ρkx+

(
1− q0(x)

2kπ

)
e−2ρkx +

+

(
1− q1(x)− 4/a2

2kπ

)
e2ρk(x−1) − sin(2ρkx) + 2

(
1− q0(x)

2kπ

)
e−ρkx sin(ρkx)−

− 2(−1)k
(

1− q0 − 4/a2
4kπ

)
eρk(x−1) sin(ρkx)− 2e−ρkx cos(ρkx) +

+ 2(−1)k
(

1− q0(x)− q1(x) + 4/a2
4kπ

)
eρk(x−1) cos(ρkx) +O(k−2).

Èíòåãðèðóÿ ýòî ðàâåíñòâî â ïðåäåëàõ îò 0 äî 1, ïîëó÷àåì

1∫
0

y2k(x) dx = 1 +
1

2kπ

1∫
0

q0(x) cos 2ρkx dx+

1∫
0

(e−2ρkx + e2ρk(x−1)) dx−

−
1∫

0

sin(2ρkx) dx+ 2

1∫
0

e−ρkx sin(ρkx) dx− 1

kπ

1∫
0

q0(x)e−ρkx sin(ρkx) dx−

− 2(−1)k
(

1− q0 − 4/a2
4kπ

) 1∫
0

eρk(x−1) sin(ρkx) dx− 2

1∫
0

e−ρkx cos(ρkx) dx+

+ 2(−1)k
1∫

0

(
1− q0(x)− q1(x) + 4/a2

4kπ

)
eρk(x−1) cos(ρkx) dx+O(k−2). (8.4)
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Òàê êàê q0(x) ∈ C1[0, 1], òî î÷åâèäíû ñîîòíîøåíèÿ

1∫
0

q0(x) cos(2ρkx) dx = O(ρ−1k ) = O(k−1),

1∫
0

q0(x)e−ρkx sin(ρkx) dx =
1

2i

1∫
0

q0(x){e−ρk(1−i)x − e−ρk(1+i)x} dx = O(ρ−1k ),

1∫
0

q0(x)eρk(x−1) sin(ρkx) dx = O(ρ−1k ),

1∫
0

q0(x)eρk(x−1) cos(ρkx) dx = O(ρ−1k ),

ó÷èòûâàÿ êîòîðûå â (8.4), íàõîäèì

‖yk‖22 = 1 +

1∫
0

(e−2ρkx + e2ρk(x−1)) dx−
1∫

0

sin(2ρkx) dx+ 2

1∫
0

e−ρkx sin(ρkx) dx−

− 2(−1)k
1∫

0

eρk(x−1) sin(ρkx) dx− 2

1∫
0

e−ρkx cos(ρkx) dx+

+ 2(−1)k
1∫

0

eρk(x−1) cos(ρkx) dx+O(k−2). (8.5)

Çàìåòèì, ÷òî

1∫
0

(e−2ρkx + e2ρk(x−1)) dx = 2

1∫
0

e−2ρkx dx =
1

ρk
− e−2ρk

ρk
=

1

kπ
+O(k−2),

1∫
0

sin(2ρkx) dx =
1− cos((2k − 3)π) +O(k−1)

2kπ
=

1

kπ
+O(k−2).

Ñ ïîìîùüþ íåïîñðåäñòâåííûõ âû÷èñëåíèé óáåæäàåìñÿ, ÷òî ñïðàâåäëèâû ñëåäóþùèå
àñèìïòîòè÷åñêèå ðàâåíñòâà:

1∫
0

e−ρkx sin(ρkx) dx =
1

2ρk
+O

(
e−ρk

ρk

)
=

1

2kπ
+O(k−2),

1∫
0

e−ρkx cos(ρkx) dx =
1

2ρk
+O

(
e−ρk

ρk

)
=

1

2kπ
+O(k−2),

1∫
0

eρk(x−1) sin(ρkx) dx =
sin ρk − cos ρk

2ρk
+O

(
e−ρk

ρk

)
=

(−1)k

2kπ
+O(k−2),

1∫
0

eρk(x−1) cos(ρkx) dx =
sin ρk + cos ρk

2ρk
+O

(
e−ρk

ρk

)
= −(−1)k

2kπ
+O(k−2).
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Ó÷èòûâàÿ ýòè ðàâåíñòâà â (8.5), áóäåì èìåòü

‖yk‖22 = 1 +O(k−2). (8.6)

Ïóñòü r, l � ïðîèçâîëüíûå ôèêñèðîâàííûå íàòóðàëüíûå ÷èñëà. Íàïîìíèì (ñì. (5.13)), ÷òî

åñëè ∆̂r,l 6= 0, òî ñèñòåìà {uk(x)}∞k=1, k 6=r,l, ñîïðÿæ¼ííàÿ ê ñèñòåìå {yk(x)}∞k=1, k 6=r,l, îïðåäå-
ëÿåòñÿ ðàâåíñòâîì

uk(x) = δ−1k {yk(x)− ∆̂−1r,l {∆̂k,lδ
−1
r yr(x) + ∆̂r,kδ

−1
l yl(x)}}, (8.7)

ãäå

δk = ‖yk‖22 + a1y
′
k
2
(1)− a2y2k(1), ∆̂r,l =

∣∣∣∣y′r(1) y′l(1)
yr(1) yl(1)

∣∣∣∣ .
Â ñèëó (8.2), (8.3) è (8.6) äëÿ ôóíêöèè uk(x), çàäàííîé ðàâåíñòâîì (8.7), èìååò ìåñòî

àñèìïòîòè÷åñêîå ïðåäñòàâëåíèå

uk(x) = yk(x)− ∆̂−1r,l yk(1)∆̂r,l(x) +O(k−2), (8.8)

ãäå ∆̂r,l(x) =

∣∣∣∣yr(x) yl(x)
y′r(1) y′l(1)

∣∣∣∣ .
Èç òåîðåìû 5.4 ñëåäóåò, ÷òî åñëè ∆̂r,l 6= 0, òî ðÿä Ôóðüå

f(x) =

∞∑
k=1, k 6=r,l

(f, uk)yk(x) (8.9)

ëþáîé íåïðåðûâíîé íà îòðåçêå [0, 1] ôóíêöèè f(x) ïî ñèñòåìå {yk(x)}∞k=1, k 6=r,l ñîáñòâåííûõ

ôóíêöèé çàäà÷è (1.1)�(1.4) ñõîäèòñÿ â ïðîñòðàíñòâå Lp(0, 1), 1 < p < ∞, ïðè÷¼ì ïðè p = 2
ýòîò ðÿä ñõîäèòñÿ áåçóñëîâíî.

Îñíîâíûì ðåçóëüòàòîâ äàííîé ðàáîòû ÿâëÿåòñÿ ñëåäóþùàÿ
Òåîðåìà 8.1. Ïóñòü r, l � ïðîèçâîëüíûå ôèêñèðîâàííûå íàòóðàëüíûå ÷èñëà òàêèå, ÷òî

∆̂r,l 6= 0, ôóíêöèÿ f(x) ïðèíàäëåæèò ïðîñòðàíñòâó C[0, 1] è èìååò ðàâíîìåðíî ñõîäÿùèéñÿ
ðÿä Ôóðüå ïî ñèñòåìå ôóíêöèé {Ψk(x)}∞k=1 íà îòðåçêå [0, 1]. Åñëè

∆f,r,l =

∣∣∣∣(f, yr) (f, yl)
y′r(1) y′l(1)

∣∣∣∣ 6= 0,

òî ðÿä Ôóðüå (8.9) ôóíêöèè f(x) ïî ñèñòåìå {yk(x)}∞k=1, k 6=r,l ñõîäèòñÿ ðàâíîìåðíî íà îò-

ðåçêå [0, b] äëÿ ëþáîãî b ∈ (0, 1), à åñëè ∆f,r,l = 0, òî ýòîò ðÿä ñõîäèòñÿ ðàâíîìåðíî íà
îòðåçêå [0, 1].

Çàìå÷àíèå 8.1. Åñëè f(x) ∈W 4
2 (0, 1), `(f)(x) ∈ L2(0, 1), f(0) = f ′(0) = f(1) = f ′(1) = 0,

òî â ñèëó òåîðåìû 4 [11, ñ. 98] ðÿä Ôóðüå
∑∞

k=1, k 6=r,l (f,Ψk)Ψk(x) ôóíêöèè f(x) ïî ñèñòåìå

{Ψk(x)}∞k=1 ñõîäèòñÿ ðàâíîìåðíî íà îòðåçêå [0, 1].
Çàìå÷àíèå 8.2. Èç àñèìïòîòè÷åñêîé ôîðìóëû (6.13) âèäíî, ÷òî åñëè f(x) ∈ W 1

2 (0, 1),
f(0) = f(1) = 0, òî ðÿä

∑∞
k=1, k 6=r,l (f,Ψk)Ψk(x) ñõîäèòñÿ ðàâíîìåðíî íà îòðåçêå [0, 1].

Äîêàçàòåëüñòâî òåîðåìû 8.1. Î÷åâèäíî, ÷òî äëÿ ðàâíîìåðíîé ñõîäèìîñòè íà [0, 1] ðÿäà
(8.9) íåîáõîäèìà è äîñòàòî÷íà ðàâíîìåðíàÿ ñõîäèìîñòü íà [0, 1] ðÿäà

g(x) =
∞∑

k=l+1

(f, uk)yk(x). (8.10)

Âñëåäñòâèå ïðåäñòàâëåíèÿ (8.8), èç (8.10) ïîëó÷èì

g(x) =
∞∑

k=l+1

(f, uk)yk(x) =
∞∑

k=l+1

(f, yk)yk(x) +
2

a2π
∆̂−1r,l ∆f,r,l

∞∑
k=l+1

(−1)k

k
yk(x). (8.11)
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Ñîãëàñíî ôîðìóëå (8.1) èìååì

yk(x) = Ψk−2(x) +O(k−1), (8.12)

îòêóäà â ñèëó (8.2) è (8.8) ñëåäóåò, ÷òî

uk(x) = Ψk−2(x) +O(k−1). (8.13)

Ó÷èòûâàÿ (8.8) è (8.13) â (8.11), ïîëó÷àåì

∞∑
k=l+1

(f, uk)yk(x) =

∞∑
k=l+1

(f, yk)Ψk−2(x) +

∞∑
k=l+1

(f, uk)O(k−1) +

+
2

a2π
∆−1r,l ∆f,r,l

∞∑
k=l+1

(−1)k

k
Ψk−2(x) +

∞∑
k=l+1

O(k−2)

Çàìåòèì, ÷òî

∞∑
k=l+1

|(f, uk)O(k−1)| 6 const

( ∞∑
k=l+1

|(f, uk)|2 +

∞∑
k=l+1

1

k2

)
< +∞,

ïîñêîëüêó ñèñòåìà {yk(x)}∞k=1, k 6=r,l ÿâëÿåòñÿ áàçèñîì Ðèññà â L2(0, 1). Ñëåäîâàòåëüíî, äëÿ

èçó÷åíèÿ ðàâíîìåðíîé ñõîäèìîñòè ðÿäà (8.13) äîñòàòî÷íî èññëåäîâàòü ðàâíîìåðíóþ ñõîäè-
ìîñòü ðÿäîâ

∞∑
k=l+1

(f, yk)Ψk−2(x), (8.14)

∞∑
k=l+1

(−1)k

k
Ψk−2(x). (8.15)

Ïóñòü

Q1(x) ≡ Q2(x) = {(q0 − 4/a2)x− q0(x)}/(4π), Q3(x) = −{(q0 − 4/a2)x+ q0(x)}/(4π),

Q4(x) = −{(q0 − 4/a2)(x− 1)− q1(x) + 4/a2}/(4π).

Òîãäà, ñîãëàñíî (8.1) èìååì

yk(x) = Ψk−2(x) + k−1Q1(x) sin((k − 3/2)πx) + k−1Q2(x) cos((k − 3/2)πx)−

− k−1Q3(x)e−(k−3/2)πx − (−1)kk−1Q4(x)e(k−3/2)π(x−1) +O(k−2). (8.16)

Ââåä¼ì îáîçíà÷åíèå

ek,j(x) =


sin((k − 3/2)πx), j = 1,

cos((k − 3/2)πx), j = 2,

e−(k−3/2)πx, j = 3,

(−1)ke(k−3/2)π(x−1), j = 4.

Òîãäà àñèìïòîòè÷åñêîå ðàâåíñòâî (8.16) ìîæíî çàïèñàòü â âèäå

yk(x) = Ψk−2(x) +
4∑
j=1

k−1Qj(x)ek,j(x) +O(k−2). (8.17)
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Îòñþäà ñëåäóåò, ÷òî

∞∑
k=l+1

(f, yk)Ψk−2(x) =
∞∑

k=l+1

(f,Ψk−2)Ψk−2(x) +

+

4∑
j=1

∞∑
k=l+1

k−1(fQj , ek,j)Ψk−2(x) +

∞∑
k=l+1

O(k−2)Ψk−2(x). (8.18)

Êàæäàÿ èç ñèñòåì {ek,j}∞k=1, j = 1, 2, 3, 4, ÿâëÿåòñÿ áåññåëåâîé (ñâîéñòâî áåññåëåâîñòè ñèñòåìû
{ek,j}∞k=1 ïðè j = 1, 2 î÷åâèäíî, à ïðè j = 3, 4 ñëåäóåò èç [16, ëåììà 5]). Ñëåäîâàòåëüíî, èìååì

∞∑
k=l+1

|k−1(fQj , ek,j)k| 6 const

( ∞∑
k=l+1

1

k2
+

∞∑
k=l+1

|(fQj , ek,j)|2
)

6 const (1 + ‖f‖22).

Òàêèì îáðàçîì, ðÿä (8.14) ñõîäèòñÿ ðàâíîìåðíî, ïîñêîëüêó â ñèëó óñëîâèÿ òåîðåìû ñõî-
äèòñÿ ðàâíîìåðíî ðÿä

∑∞
k=l+1 (f,Ψk−2)Ψk−2(x).

Âñëåäñòâèå (6.13) èìååì

(−1)kΨk(x) = −
√

2 cos

(
π

2

(
x− 1

2

))
sin(kπ(1− x)) +

√
2 sin

(
π

2

(
x− 1

2

))
cos(kπ(1− x)) +

+ (−1)ke−(k+1/2)πx − e−(k+1/2)π(1−x) +O(e−kπ). (8.19)

Èçâåñòíî (ñì., íàïðèìåð, [17, c. 610]), ÷òî ðÿä
∑∞

k=1 k
−1sin(kπx) ñõîäèòñÿ ïîòî÷å÷íî íà

îòðåçêå [0, 1] è ñõîäèòñÿ ðàâíîìåðíî íà îòðåçêå [a, 1] äëÿ ëþáîãî a ∈ (0, 1); ðÿä
∑∞

k=1 k
−1 ×

× cos(kπx) ñõîäèòñÿ ïîòî÷å÷íî íà ïîëóèíòåðâàëå (0, 1] è ñõîäèòñÿ ðàâíîìåðíî íà îòðåçêå

[a, 1] äëÿ ëþáîãî a ∈ (0, 1); ðÿä
∑∞

k=1(−1)kk−1e−(k+1/2)πx ñõîäèòñÿ ðàâíîìåðíî íà îòðåçêå

[0, 1]; ðÿä
∑∞

k=1 k
−1e−(k+1/2)πx ñõîäèòñÿ ïîòî÷å÷íî íà ïîëóèíòåðâàëå (0, 1] è ñõîäèòñÿ ðàâíî-

ìåðíî íà îòðåçêå [a, 1] äëÿ ëþáîãî a ∈ (0, 1). Ñëåäîâàòåëüíî, ðÿäû
∑∞

k=1 k
−1 sin(kπ(1 − x)),∑∞

k=1 k
−1 cos(kπ(1− x)) è

∑∞
k=1 k

−1e−(k+1/2)π(1−x) ñõîäÿòñÿ ðàâíîìåðíî íà îòðåçêå [0, b] äëÿ
ëþáîãî b ∈ (0, 1). Îòñþäà è èç (8.19) ñ ó÷¼òîì ðàâåíñòâà Φk(1) = 0, k ∈ N, ñëåäóåò, ÷òî ðÿä
(8.15) ñõîäèòñÿ ïîòî÷å÷íî íà îòðåçêå [0, 1] è ñõîäèòñÿ ðàâíîìåðíî íà îòðåçêå [0, b] äëÿ ëþáîãî
b ∈ (0, 1).

Òåïåðü ïîêàæåì, ÷òî ðÿä (8.15) íå ñõîäèòñÿ ðàâíîìåðíî íà îòðåçêå [0, 1]. Òàê êàê ðÿä∑∞
k=1(−1)kk−1e−(k+1/2)πx ñõîäèòñÿ ðàâíîìåðíî íà îòðåçêå [0, 1], òî â ñèëó (8.18) äîñòàòî÷íî

ðàññìîòðåòü ðÿä

−
∞∑
k=1

k−1(e−(k+1/2)πx − (−1)k sin((k + 1/2)πx) + (−1)k cos((k + 1/2)πx)),

èëè, ÷òî òî æå ñàìîå, ðÿä

∞∑
k=1

k−1(e−(k+1/2)π(1−x) − cos((k + 1/2)π(1− x)) + sin((k + 1/2)π(1− x))). (8.20)

Ðàññìîòðèì ôóíêöèþ G(u) = e−u − cosu + sinu íà îòðåçêå [0, π/2]. Äîêàæåì, ÷òî èìååò
ìåñòî íåðàâåíñòâî

G(u) > u2/5, u ∈ [0, π/2]. (8.21)

Äåéñòâèòåëüíî, ïðè âñåõ u ∈ R âûïîëíÿþòñÿ íåðàâåíñòâà e−u > 1−u+u2/2−u3/6, cosu 6 1−
− u2/2 + u4/24 è sinu > u− u3/6. Ïîýòîìó

e−u − cosu+ sinu > 1− u+
u2

2
− u3

6
− 1 +

u2

2
− u4

24
+ u− u3

6
= u2 − u3

3
− u4

24
= u2

(
1− u

3
− u2

24

)
.

Íî, êàê ëåãêî óáåäèòüñÿ, 1− u/5− u2/24 > 1/5 ïðè u ∈ [0, π/2].
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Ïóñòü Sm(x), m ∈ N, � ÷àñòè÷íàÿ ñóììà ðÿäà (8.20). Òîãäà î÷åâèäíî, ÷òî

S2N (x)− SN (x) =
2N∑

k=N+1

k−1G(ak),

ãäå ak = (k + 1/2)(1− x)π, N 6 k 6 2N.
Ïðåäïîëîæèì, ÷òî x = xN = 4N/(4N + 1). Òîãäà èìååì

ak = (k + 1/2)(1− xN )π =
k + 1/2

4N + 1
π 6

2N + 1/2

4N + 1
π =

π

2
.

Îòñþäà è èç íåðàâåíñòâà (8.21) ñëåäóåò, ÷òî

G(ak) >
a2k
5

>
(2k + 1)2π2

20(4N + 1)2
, N + 1 6 k 6 2N.

Ñëåäîâàòåëüíî, èìååì

S2N (x)− SN (x) >
π2

20(4N + 1)2

2N∑
k=N+1

(2k + 1)2

k
>

π2

5(4N + 1)2

2N∑
k=N+1

k =

=
π2

5(4N + 1)2
(3N + 1)N

2
>

π2

125N2

(3N2

2
=

3π2

250
.

Òåîðåìà äîêàçàíà.
Ïóñòü r, l � ïðîèçâîëüíûå ôèêñèðîâàííûå íàòóðàëüíûå ÷èñëà. Åñëè ∆̂r,l 6= 0, òî â

ñèëó [18, c. 12, òåîðåìà 7] è òåîðåìû 5.4 ñèñòåìà {uk(x)}∞k=1, k 6=r,l, ñîïðÿæ¼ííàÿ ê ñèñòåìå

{yk(x)}∞k=1, k 6=r,l ñîáñòâåííûõ ôóíêöèé çàäà÷è (1.1)�(1.4), îáðàçóåò áàçèñ â Lp(0, 1), 1 < p <

< ∞. Òîãäà ëþáàÿ íåïðåðûâíàÿ íà îòðåçêå [0, 1] ôóíêöèÿ f(x) ðàçëàãàåòñÿ â ðÿä Ôóðüå ïî
ñèñòåìå {uk(x)}∞k=1, k 6=r,l :

f(x) =
∞∑

k=1, k 6=r,l
(f, yk)uk(x), (8.22)

êîòîðûé ñõîäèòñÿ â Lp(0, 1), 1 < p <∞.
Òåîðåìà 8.2. Ïóñòü r, l � ïðîèçâîëüíûå ôèêñèðîâàííûå íàòóðàëüíûå ÷èñëà òàêèå, ÷òî

∆̂r,l 6= 0. Òîãäà ðÿä Ôóðüå (8.22) ôóíêöèè f(x) ïî ñèñòåìå {uk(x)}∞k=1, k 6=r,l ñõîäèòñÿ ðàâíî-

ìåðíî íà îòðåçêå [0, 1] åñëè è òîëüêî åñëè ôóíêöèÿ f(x) èìååò ðàâíîìåðíî ñõîäÿùèéñÿ íà
îòðåçêå [0, 1] ðÿä Ôóðüå ïî ñèñòåìå ôóíêöèé {Ψk(x)}∞k=1.

Äîêàçàòåëüñòâî. Â ñèëó ñîîòíîøåíèé (8.2), (8.3), (8.8), (8.12), (8.13) è (8.17) èìååì

∞∑
k=l+1

(f, yk)uk(x) =

∞∑
k=l+1

(f, yk)yk(x)−∆−1r,l ∆r,l(x)
∞∑

k=l+1

(f, yk)yk(1) +

+
∞∑

k=l+1

(f, yk)O(k−2) =
∞∑

k=r+1

(f,Ψk−2)Ψk−2(x) +
4∑
j=1

∞∑
k=l+1

(fQj , ek,j)

k
Ψk−2(x) +

+

∞∑
k=l+1

Ψk−2(x)O(k−2)− ∆̂−1r,l ∆̂r,l(x)

∞∑
k=l+1

(f, yk)O(k−1) +

∞∑
k=l+1

(f, yk)O(k−2). (8.23)

Èç äîêàçàòåëüñòâà òåîðåìû 8.1 ñëåäóåò, ÷òî ðÿäû
∑4

j=1

∑∞
k=l+1 k

−1(fQj , ek,j)Ψk−2(x) è∑∞
k=l+1(f, yk)O(k−1) ñõîäÿòñÿ ðàâíîìåðíî íà îòðåçêå [0, 1] (ðàâíîìåðíàÿ ñõîäèìîñòü íà îò-

ðåçêå [0, 1] ðÿäîâ
∑∞

k=l+1 Ψk−2(x)O(1/k2) è
∑∞

k=l+1 (f, yk)O(1/k2) î÷åâèäíà). Òåïåðü óòâåð-
æäåíèå òåîðåìû íåïîñðåäñòâåííî ñëåäóåò èç (8.23). Òåîðåìà äîêàçàíà.
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