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ON THE UNIFORM CONVERGENCE OF SPECTRAL
EXPANSIONS FOR A SPECTRAL PROBLEM WITH A
BOUNDARY CONDITION RATIONALLY DEPENDING ON
THE EIGENPARAMETER

SERTAC GOKTAS, NAzIM B. KERIMOV, AND EMIR A. MARIS

ABSTRACT. The spectral problem
-y +a(@)y =y, 0<a <1,

y(0)cos B =1¢'(0)sinB,0 < B < m; 3;’((11) = h()),

)
is considered, where X is a spectral parameter, ¢(z) is real-valued contin-
uous function on [0, 1] and

N
h(A) =aX+b— Y
k=1

with the real coefficients and a > 0,bx > 0,¢c1 <c2a <---<ecn,N > 0.
The sharpened asymptotic formulae for eigenvalues and eigenfunctions
of above-mentioned spectral problem are obtained and the uniform con-
vergence of the spectral expansions of the continuous functions in terms

by,
A—cp’

of eigenfunctions are presented.

1. Introduction

Consider the spectral problem

(1.1) —y" +qx)y=Ny, 0 <z <1,
(1.2) y(0)cos B =14'(0)sinB, 0< B <,
(1.3) y'(1)/y(1) = h(N),

where A is a spectral parameter, ¢(z) is real-valued continuous function on [0, 1]
and

N bk
h(N) =a\+b—
(A) =aX+ ;Aﬁk,
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with the real coefficients and a > 0, by >0, ¢; < co < --- <cny, N > 0. When
h(\) = oo, then the boundary condition (1.3) is interpreted as a Dirichlet
boundary condition y(1) = 0. The case N = 0 makes h(\) as affine by A.

As is known, solutions that obtained by using the Fourier method of partial
differential equations are represented by a series. Therefore, the investigation
of the convergence of these series is of great importance. In this study, we
investigate the uniform convergence properties of the Fourier series expansions
in terms of eigenfunctions of the boundary value problem (1.1)-(1.3).

It was proven in [2] that the eigenvalues of the problem (1.1)-(1.3) are real,
simple and form a sequence Ag < A; < --- accumulating only at +0c0 and with
Ao < ¢1. Moreover, if w, is the number of zeros in the interval (0,1) of the
eigenfunction y,, corresponding to eigenvalue A,, then w, = n — m,,, where
my, is the number of points ¢; < A,. In particular, wg = 0 and w,, = n— N when
An > cn. Further, following asymptotic formulae will be valid for sufficiently
large n:

(1.4) A= ((n+v)m)?+0(1),
—1-N ifa#0,8#0,
_J—N ifa#0,8=0,
(1.5) Y=9N-N ita=0,8%0,
$-N ifa=0,=0.
It was proven in [11] that if @ # 0 and ko, k1, ..., ky are pairwise different
nonnegative integers, then the system
(16) yn(m)(nzovla7n#k07k17ak1\/)
is a basis in L, (0,1) (1 < p < 00); moreover if p = 2, then this basis is uncon-
ditional. If a = 0 and k1, ks, ..., ky are pairwise different nonnegative integers,
then the system
(1.7) Yyn (@) (n=0,1,...5n # k1, ko, ..., kn)

is a basis in Ly, (0,1) (1 < p < 00); moreover if p = 2, then this basis is uncondi-
tional. Further, if a # 0 and A, # ¢;; foralln =0,1,...and j =1,..., N, then
the system u,, (x) (n = 0,1,...;n # ko, k1, ..., kn) which is biorthogonally con-
jugate to the system (1.6) is defined by

1.8 o () = Zrekoky W1
(1.8) U () et
where
n 1 n 1
Yo (Z) Yo (1) %Ai L ()
(19) An,ko,._,7kN (I) = ) ) koicl . kO'*CN ’
e (@) yey(1) 2@ ey D)

)\kN—Cl AkN—CN
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N
(1.10) Bo =l + (a+ 3 — % )2 ),
o1 A — k)

Yio (1) Yko (1)
Yo (1) % ,\k?ﬁ
(1.11) A=| : : :
Yy (1) Yy (1)
ykN(l) Ahj—cl T Ak;i@N
Suppose that some of the numbers ¢; (j =1,...,N) are eigenvalues of the

problem (1.1)-(1.3). For example, \;, = c; for some ¢ and s. Then, all the

elements in (¢+2)th row of the determinant (1.9) vanish, except the first element
¢ vee ()

and (s+2)th element; the first element yg, () does not change bu N IS

’ 2
replaced by — . Moreover, By, = |lyx, |I* + w.

If @ = 0, then we construct the system wu, () (n=0,1,...;n # k1,...,kN)
which is biorthogonally conjugate the system (1.7) with an obvious modifica-
tion. In particular, we obtain the corresponding determinant A, x, . xy (x) of
degree N + 1 from the determinant (1.9) by deleting the second row and the
second column.

Many authors investigated the spectral properties of the problem (1.1)-(1.3)
in the special cases. For example, the basis properties in L, (0,1) (1 < p < o0)
of the boundary value problem

-y =Xy, 0 < x <1,
y(0) =0, (a = A)y'(1) = bAy(1),
where a, b are positive constants, was given in [5]. The uniform convergence of

the spectral expansions in the systems of eigenfunctions of the problem (1.12)
and the problem

ylkt (1)
bs

(1.12)

¥+ Ay =0,
y(0) =0,y'(1) = dAy(1),d > 0
was obtained in [6]. The basis properties in Ly (0, 1) of the eigenfunctions of
boundary value problem

-y +q@y=Ay, 0<z<1
(1.13) boy(0) = doy'(0),
(@A +b1) y(1) = (X +di) y'(1),

where ¢(z) is a real-valued continuous function on [0, 1] and |bg| + |do| # O,
aydy — bye; > 0, was studied more detail in [15]. The uniform convergence of
the Fourier series expansions in terms of eigenfunctions of the problem (1.13)
was researched in [14].

One can find many articles, for example [3], [4], [7, 8, 9, 10], [12], [13], [17],
where studied the uniform convergence of the spectral expansions.

Note that the case N = 0 is a special case of the problem (1.13), with ¢; = 0.
Henceforth, we assume that N > 1.
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2. Main results

In this section, we will give sharpened asymptotic formulae for eigenvalues
and eigenfunctions and investigate the uniform convergence of the Fourier ex-
pansions for the continuous functions in the system of eigenfunctions of the
problem (1.1)-(1.3).

Let ¢ (x, A) and ¢ (z, A) denote the solutions of the equation (1.1) that satisfy
the initial conditions

(2.1) e (0,\) =1, ¢ (0,\) =h,
(2.2) P (0,0) =0, ¢ (0,\) =1,

where h is an arbitrary real number.

Theorem 2.1. Let \, = s2. The following asymptotic formulae are valid for
sufficiently large n:

(2.3) sn:(n+u)w+/:;f+0(§’;’”);
_ sinlntv)mz O[az_%fOIQ(T)chos n+v)Tx
- (n+v)w (n)? (n+v)
cos(ntv)mr [0 52 (n + v) mrdr
(2.0 o [ acos2(n 4 )ara
sin(n + v)me

5 e / q(7)sin2(n+ v)nrdr
2(nm) 0

—l—O((sn’l’>7 if B=0;

n2

Yn (2) = @ (2, An)
= cos(n+v)nx
+E— (h+ o)z + 3 [T q(r)dr
nm

(2.5) + sin (n + v) mz /w q(T)cos2(n+v)rrdr
0

sin (n + v) T

2nm
xT
- w/ q(7)sin2(n+v)nrdr
0

2nm

—|—O<5nﬁ’y>, if 0<pB<m;
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where v is defined by (1.5), h = cot 3, Agp = {E N aaa’ Z: §:§’< -

~b+ 3 [y a(r)dr, if a=0 1 .
a= ? ’ d(SnV: 2 + d +7
) {iﬁfgq(r)dﬂ ifato 00 g 4 () cos2(n-+v)mrar |+

Proof. We will prove only the case of a # 0 and 0 < § < w. The other cases
are proven similarly. From (1.4) and (1.5),

(2.6) sn:m:<n—1—N>w+an

2

is satisfied, where g, = O (nil).
Let A = s2. From (2.1), the equality

~ L
(2.7) @(m,)\):cossx—kgsinsm—i—;/ q(T)p(r,N)sins(x —7)dr
0

is obtained [16, Chapterl, Section 1.2, Lemma 1.2.1].
Let s = o +it. Then there exists so > 0 such that for |s| > sg, the estimate

(2.8) v (z,A) =cossz+ O (elt‘m|s|71>
is valid [16, Chapter I, Section 1.2, Lemma 1.2.2], where the function

0] (elt‘x|s|_1)

is the entire function of s for any fixed x in [0,1]. Moreover, (2.8) holds uni-
formly by z for 0 <z < 1.
The formulae (2.6)-(2.8) yield the following:

yn () = @ (2, An)

h sinspz [*
= COSSp,& + — sinspx + “ / q(r)dr
0

(2.9) = . e @
WL [ ) costsurdr — B2L [ () sin2smie
+0 (n_Q) ’
Because

1
COS S, & = COS (n 3 N> 7rac+0(n*1),

1
sin s, = sin <n— 3 —N) mx + O (nfl) ,
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the equality (2.9) can be written as
(2.10)

An) = n
o (x,Ay) = cosspz + e Sy

Esin(n—%—N)wx +sin(n—%—N)7rm /Iq<7_)d7_
0

: 1
sin(n—1— N @
in (n— 3 )ﬂ-m/ q(t)cos(2n —1—2N)wrdr
2nm 0
cos(n—1—

N) nx [* . -
- Sy /0 q(7)sin (2n — 1 — 2N) 77dT+0 (n"?).

In addition, by differentiating equality (2.7) with respect to = and substituting
equality (2.6), we obtain the estimate

(2.11) O (2, A\n) = —spsins,z+ O (1).

The function ¢ (z, A) satisfies the boundary condition (1.2). Therefore, the
eigenvalues of the problem (1.1)-(1.3) satisfy the equation

N
b
(2.12) O (1, A\,) = (a)\n+b— E \ f%) e (1, ).
k=1""

By using (2.10) and (2.11), we obtain the estimates

(—U"N]<E+§ﬁqhwh)+o<%w>

e (1,A,) = (*1)H_N5n +

nm n

¢ 10 = (1" (=5 - ) 000,

Substituting last estimates in the equation (2.12), we obtain the equality

&U"N(n—;—N)W+Oﬂ)

= Q(n—;—N>zﬂ+oa0

(-1)* Nt (ﬁ +3 fol q(r) d’T) o (5%1/)

nm

X (—1)"7N5n +

n

The last equation shows that the estimate

R d
(2.13) . +a+2%QW)T+O(%W)
n

nm

is valid. The equality (2.3) is proven in case of a # 0 and 0 < § < 7.
We obtain the estimate

Tl 1
COS S, T = COS (n — % — N) T — (h+a+27{2r q(r)dr)x

><Sin(n—%—N)W:E—&—O(é"—’”)7

(2.14)

n
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by using (2.6) and (2.13). The equality (2.5) follows from (2.10) and (2.14).
The proof of Theorem 2.1 is completed. U

Let a#0; A\, #¢; foralln=0,1,...; j=1,...,N and f(z) € C[0,1]. We
define the determinant

0 (1) (1)
(f+Yro) f:f,cl e %
(2.15) A=| : . D,
Yry (1) Yry (1)
(fv ykN) A:j\,v—cl e )\k);VN—CN

where (f, g) denotes the inner product of f(x) and g(x) in space L2(0,1).
If A, = ¢s for some t and s, then all the elements (t+1)th row of the deter-
minant (2.15) vanish, except the first element and (s+1)th element; the first
Y, (1)

element (f,yr,) does not change, but the (s+1)th element - is replaced
' —Cs

by Y kl,:s(l) .

Theorem 2.2. Suppose that ko, k1, ..., kn are pairwise different nonnegative
integers and f (z) € C'[0,1].

L. Let a = 0 and 8 = 0. If the function f(x) has a uniformly convergent
Fourier series expansion in the system {\/isin (n — %) mc}zozl on the inter-
val [0,1], then this function can be expanded in Fourier series in the system
yn () (n=0,1,...;n# ki,...,kn) and this expansion is uniformly convergent
on [0,1].

II. Let @ # 0 and B = 0. If the function f(x) has a uniformly conver-
gent Fourier series expansion in the system {\/isinnﬂx}zozl on the inter-
val [0,1], then this function can be expanded in Fourier series in the system

yn () (n=0,1,...;n # ko, k1,...,kn) and this expansion is uniformly con-
vergent on every interval [0,b], 0 < b < 1. The Fourier series of f(x) in
the system yp, () (n =0,1,...;n # ko, k1, ..., kn) is uniformly convergent on

[0,1] if and only if the determinant A" vanishes.

III. Let a = 0 and 0 < B < 7. If the function f(x) has a uniformly
convergent Fourier series expansion in the system {\/icos nwm}zozl on the in-
terval [0, 1], then this function can be expanded in Fourier series in the system
yn (@) (n=0,1,...5n # k1,...,kn) and this expansion is uniformly convergent
on [0,1].

IV. Let a # 0 and 0 < B8 < 7. If the function f(x) has a uniformly
convergent Fourier series expansion in the system {ﬂcos (n - %) ﬂ'x}zozl on
the interval [0, 1], then this function can be expanded in Fourier series in the

system y, (x) (n =0,1,...;n # ko, k1,...,kn) and this expansion is uniformly
convergent on every interval [0,b], 0 < b < 1. The Fourier series of f (x) in
the system y, (z) (n=0,1,...5n # ko, k1,...,kn) is uniformly convergent on

[0,1] if and only if the determinant A" vanishes.
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Proof. We will only prove the first and the second case. Other cases are proven
similarly.

The first case: Let A, #¢j,7=1,...,N,n=0,1,.... Consider the Fourier

series f(x) on the interval [0,1] in the system y, (z), (n = 0,1,..; n #
]€1, ey kN):
(o)
(2.16) F(x) = Z (fs un) yn (),
n=0,n#k1,....kn
where
An ke . x
(217) Un (33) = mkén’ZN ( )
Yn(T) iﬂi% A?i"_(}%,
1 1
v (2) S Ry
(2.18) Anky,ky (T) = v
vy (1) iy (1)
Ykn (Jf) )\:IJ\:]—cl )\kIjVN—cN
Y
k
(2.19) By =llyal® +vp ()Y ——,
i1 (An =)
Yk (1 e (1)
)‘k’l —c1 Akl —CN
(2.20) A=\ :
Yy (1) Yy (1)
Ak —C1 Ak —CN

Note that the series (2.16) is uniformly convergent on [0, 1] if and only if the
series

oo
(2.21) Fy(z) = Z (fs un) yn ()
n=r+1
is uniformly convergent on [0, 1], where » = max {k1, ko, ..., kn}.
By virtue of (2.3), (2.4), (2.17)-(2.20), the equality
(fa An,kl,---,k ) (fa yn) —
(2.22) (f n) = 22— = 27522 4 0 (n7)
holds. From (2.3), (2.4) and (2.19), the estimate
1
B,=——=+0(n?

is valid. Therefore, the equality (2.22) can be written as
(2.23) (fyun) = 2(nm)* (fy0) + (fr90) O (n) .
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By using (2.4) and (2.23), we have

(f4n) i () = (f,ﬁsm <n+ : —N) 7mc> Vasin <n+ : —N> o
+ Ry (),

where

R @) = (fon (n + % W) ) o)
#(s@ae e (ne 2w )0 )
(2.24) + (f A1 (z) cos <n + % _ N> m) 0 (n-1)
+ <f, B (2) sin (n . N> m) 0 (n )
0]

& )

al(m:aax—l/;q(f)dn

_|_

2

an1 (z) = / q(r)cos(2n+1—2N) wrdr,
0

Bni(z) = /Ox q(7)sin(2n+1—2N)wrdr.

By virtue of (2.24), we obtain

s @) < | (fosin (4 5 - ) )
<f (z) ay (z), cos <n+ % — N> 7r:1c>

+‘<f,an71(x)cos<n+;—N)mc)
+ ‘(f,ﬁn,l (x) sin (n—l—;—N) mc) —&—6”7,,}
1 2
< const fisinn+ - —N |nx
([(ran(ev3-) )
+‘<f(x)a1(x),cos<n+;—N)m:)

(/ |f () e, ( |d$) (/ |f (@) B (@ |d:c>+:;”}

+

2
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for sufficiently large n. The numerical series

[e’e) 2
n:;ﬂ <f,sin <n+ % — N> wx) ,
0 2
Z (f(x)al (x),cos (n+ % — N) ﬂ'w) ,
n=r+1
> 6n,y
n;-l n

are convergent. On the other hand, by virtue of Bessel inequality, we obtain

> ([ o wie)

n=r—+1
00 1
<UAP Y. [ lana @)de
n=r+1 0
1 o T 2
=||f||2/ > /q(T)cos(2n+1—2N)7erT dx
0 0

n=r+1

1 x
2 2 2 2
const| £ / / g (7)2drdz <const||f|2]>
0 0

Similarly, we obtain the estimate

IA

2

> ( / 1 @) B <x>|dx) < const|||lql>

n=r+1

Consequently, the series

> Ry ()

n=r+1

is absolutely and uniformly convergent on [0, 1].

If some of numbers ¢; (j =1,...,N) are eigenvalues of the problem (1.1)-
(1.3), then the proof is completely similar.

The first case is proven.

The second case: Let A\, # ¢;,j = 1,...,N,n = 0,1,.... Consider the
Fourier series f(z) on the interval [0,1] in the system y, (z) (n = 0,1,..;
TL;é ko,kl,...,k]v)l

(2.25) G@= > (fru) o).

n=0,n#ko,k1,...,kN
where u,, (z) is defined by (1.8).
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Note that the series (2.25) is uniformly convergent on [0, 1] if and only if the
series

is uniformly convergent on [0, 1], where r = max {ko, k1, k2, ..., kn}.

By virtue of (1.8)-(1.11), (2.3), (2.4), the equality

(fiyn) Ay (1)
B, A B,

(2.27) (f,un) = +0(n")
holds, where A’ is defined by (2.15).

The series > o (J;’Bi)yn (z) is uniformly convergent on [0, 1]. This can be

seen by the method of the first case. By virtue of (2.27), if A" =0, then the
second part of this case is truth.
Let A" # 0. form (1.10), (2.3) and (2.4), the estimates

= U2 o (S,

2a(nm)

_ n*3
Bn = 2(nﬂ')2 " ¢ ( )

holds. Therefore, the equality

Zy?g(nl)yn@):_ Z sinnwr(Ll—i-x)_FZO((ST;:,)

n=r—N

is valid. The series >~ O (5’;"’) is absolutely and uniformly convergent on
[0,1]. On the other hand, the series

o0

Z sinnmt
n

n=r

is uniformly convergent on every closed interval [4, 27 — §], where 0 < § < 7 [1,
Chapter I, Section 30, Theoreml]. So, the series

i sinnm (1 + x)
n=r—N n
is uniformly convergent on every closed interval [0,0] 0 < b < 1.
The second case is proven.
The proof of theorem 2.2 is completed. O
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3. Example
Consider the problem
(3.1) -y =y, 0 <2 <1,
y' (1) m?
3.2 0)=0"2=a\— ——,
(32) R

where a is a positive number.

A = 0 and \; = 72 are eigenvalues of the problems (3.1) and (3.2), where r
and s are certain non-negative integers and y,(z) = z and ys(z) = sinwz are
corresponding eigenfunctions, respectively.

Let f(x) = (22 —2)(22 + mx +n) and g(x) = (22 —2)(52 — 3), where
m = 11— and n = Z — 7. Since f(0) = f(1) = g(0) = g(1) = 0,
then (f,sinnmz) = O(n=3) and (g,sinnwx) = O(n=3). On the other hand,
(fryr) = (f,ys) =0 and (g,9-) =0, (9,ys) = -

From here and (2.15), we obtain

(9.90)  =Ck

(9.:55) —4

A = -

2
= —#0.
7T57é

=I\>—‘:|N‘H

ﬁw‘w o

Consequently, by Theorem 2.2 the Fourier series of f (z) and g (x) in the
system y (z) (n =0,1,...;n # r,s) are uniformly convergent on [0,1] and on
[0,0] (0 < b < 1), respectively.
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